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Controllability and Stabilizability of Vibrating Simply 
Supported Plate with Pointwise Control* 
YUNCHENG You 
School of Mathematics, Universiry of Minnesota, Minneapolis, Minnesota 55455 
Semigroup extension approach is taken to formulate the vibration of a simply 
supported rectangular plate on Cl = [O, a] X [0, b] with pointwise controllers as an 
abstract controlled evolutionary system. Via spectrum analysis by means of related 
Diophantine equations and theorems in number theory, an alternative principle is 
proved in this paper: (I) If a2/b2 is rational, then the system is neither approxi- 
mately controllable nor weakly stabilizable with pointwise controllers; (II) if a2/b2 
is irrational, then a single pointwise controller located at any fixed point ( p, q) E 8’ 
with p/a and q/b both irrational can make the system approximately controllable 
and strongly stabilizable. e 1989 Academic PI~SS, IIIC. 
1. IN~~DUCTION 
Recently some research efforts have been devoted to boundary control of 
vibrating plates governed by 2dimensional Petrowsky equations, cf. [l-4]. 
In this paper, the approach of semigroup extension is taken to study the 
pointwise control problems of a vibrating simply supported rectangular 
plate. 
Consider a homogeneous and isotropic rectangular plate defined on 
the region [0, l] x [0, l] = !J. Denote the boundary by I’ = Ufz,ri, where 
r, = r n {X = 01, r, = r n (y = 01, r, = r n {X = I], and r, = r n 
(Y = 11. 
Assume that only the small vertical vibration is considered, so that the 
small-deflection theory of plate elasticity is applicable, cf. [5]. In the interior 
of 52, the vibration dynamics can be described by 
CY2W 
patt + DA2w = F(t, x, Y), (1, x, Y) E &4+x fi, (1.1) 
*Research partially supported by NSF Grant DMS 86-07687. 
324 
Ol%-8858/89 $7.50 
Copyright 0 1989 by Academic Ress. Inc. 
All rights of reproduction in any form reserved. 
VIBRATING SIMPLY SUPPORTED PLATE 325 
where p = const. is the plane density of mass, D = Eh3/12(1 - a’) is the 
flexural rigidity (in which E is the Young modulus, u is the Poisson ratio 
with 0 -C (I < $, and h is the plate thickness), w = w(t, X, y) is the vertical 
displacement of the point at (x, y), 
a4 a4 
P=$+2- +- ax2ay2 ay4 
is the biharmonic operator, and F(t, x, y) is the external force acting on 
the plate. Since we consider the pointwise control, it is assumed that 
F(r9 x7 Y> = i s(x -Pi, Y - 4i)fi(‘)? (t, x, y) E R+x h, (1.2) 
i=l 
where ( pi, qi) E b are Axed points inside the region Q, and 6(x - pi, y - qi) 
is the 2-dimensional Dirac function with unit mass focused at the point 
(pi,qi). Here fi(-) E &JR+, R) are scalar functions which can be con- 
trolled, i = 1,. . . , 1. 
Assume that all the boundary is simply supported. By the plate elasticity, 
we have the boundary condition 
a2w azw 
w = 0, ---++-= 
an2 as2 0, on p, for t 2 0, (1.3) 
where a/an and a/as represent he outward normal derivative and the 
tangential derivative respectively, and the second condition means the 
bending moment vanishes, i.e., i&f,, = 0 along the boundary. Obviously, 
(1.3) can be equivalently written as 
a2w 
w=Oand ~ = 0, an2 
for (t, x, y) E lR+X P. (1-4 
For simplicity of exposition we can adjust the time unit so that the 
mathematical model is given by 
a2w 
x + A2w = f: 6(X -Pi, Y - 4i)fi(t), inR+X ii, 
i=l 
W = 0 and a2W/an2 = 0, onR+X r 
w(o, x, Y) = wrJ(x, Y), in a, 
w,(o, x3 Y) = Wl(X, Y), in Q. 0-9 
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Below we shall investigate the controllability and stabilizability of the 
pointwise controlled system (1.5). In the next section a theoretical frame- 
work is to be established. 
2. FORMULATION OF ABSTRACT EVOLUTIONARY SYSTEM 
Set H = L*(Q) with the usual real inner product. Define an operator A 
by 
and 
Aw = A*w 
B(A)= wtH’(D):w=Oand$= 
i 
OonT . 
1 
(2.1) 
Thus A : 9( A)(c H) + H is a linear operator with dense domain @A). 
LEMMA 1. A : 9( A)( c H) + H is a coercively accretive and self-adjoint 
operator, with (Au, v)” = a(u, v), where a( u, v) is a symmetric bilinear 
f orm 
a(u, v) = /nAu Avdxdy, for u, v E B(A). (2.2) 
Proof: It is obvious that B(A) is dense in H. For any u and v in 9(A), 
by the trace theorem and the Green formula, it can be calculated that 
(Au, v> = &A%, Y)V(X, Y) dxdy 
= i;(Au) - vdy - &Au). vvdxdy 
= - /nv(Au) - vvdxdy 
= ~~AuAv~x&-~$~ Ed1 
= uAuAvdxdy = (u, Au), / 
so that A is symmetric. 
(2.3) 
Now we prove that Ran A = H. Since it is easy to see that 
h&, Y> = sin(m~x)sin(n~y)},,,,,,l (2.4) 
forms an orthogonal basis for L*(Q), for any given v(x, y) E L*(Q), we 
have an expansion v(x, y) = ~~~IC~Sp,,v,, sin(max)sin(nny) with 
C~=iC~=i)vmnl* -C CCL Thus, there exists an element u(x, y) in B(A), 
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given by 
u(x, y) = 2 f Umn 
m=l n=l T’(ffl’ + n’) 
,sin(mlrx)sin(nrfy), (2.5) 
such that Au = u. Therefore, the symmetry and the surjection imply that A 
is self-adjoint. 
Using Sobolev inequalities or direct Fourier expansions, we can easily 
show that there is a positive constant c > 0 such that for any u E 9(A), 
thus A is coercively accretive. 
Define a space V by 
Q.E.D. 
a2w 
wEH2(62)Iw=Oands= (2.7) 
It is clear that I/ endowed with the inner product (w, TV)” = (w, u)~z~~) 
becomes a Hilbert space. Now define the control operator B by 
B = [6(x -P1,Y - 41),..., 8(x -pi - q,)] E @‘; p), (2.8) 
where V* is the dual space of l? Since V c C(a) and 6(x - pi, y - qi) E 
C(Q)*, so we have 6(x - pi, y - qi) E V* and (2.8) is valid. B is also an 
operator with finite rank. 
This consideration suggests the necessity to discuss our problems in the 
state space v*. 
LEMMA 2. The bilinear form a(u, II): V x V -+ R is continuous and 
satisfies the following elliptic condition, 
3c > 0, such that a(~, u) 2 cIIuII;, vu E v. (2.9) 
By the Lax-Milgram theorem, there exists a unique operator &= 
A?‘(V, v*) determined by 
4u, 4 = Gw(u), where u E V, for any u E V. (2.10) 
Besides, JX? is invertible and &-’ E A?(V*, V). It can be shown that 
A =.s’l9(A) and 53(A) =.%r’fz = { 11 E vpdfu E H}. (2.11) 
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LEMMA 3. A-’ E Y(H) is a compact operator, and the system of 
elements given by (2.4) forms a complete system of eigenfunctions of A, 
corresponding to eigenvalues 
x rn.” = 7r4(m2 + n2)2, m 2 1, n 2 1. (2.12) 
And 44 = u,(A) = { L,n}m~l,n~l given by (2.12). 
Proof: Since V is embedded into H compactly and A -l E d;p( H, V), 
which follows from (2.9), (2.10), and (2.11), i.e., 
cllA-‘ulli I a(A-‘u, A-k) = (&A-l~)(A-l~) 
= (u, A -‘u>H I IIA -141&41~ 
5 IIA-‘4lvll4lm Vu E H, (2.13) 
thus A-’ E -Ep( H) is compact. Since A is self-adjoint and has compact 
resolvent, a( A) = UJ A) and the complete eigenfunction system forms a 
basis for H. Q.E.D. 
Denote by ‘p,, n = e,,Aem,nllH~ then ~~~~~~~~~~~~~ is m orthonord 
basis for H. We know that 
Au = 2 2 L,n(u, (~m,nMm,n~ Vu E 9(A); 
m=l n=l 
2 2 ~,,n(wm,,h,t2 < +QC . (2.14) 
m=l n=l 
Now define a new inner product (u, u). = a(u, u) on V. Since ( . , .>a is 
topologically equivalent to the original one ( + , a) V = ( . , .)H2Co), if we 
denote V endowed with this ( . , e), by V,, then V,* is V* endowed 
correspondingly with the norm 
llgll (2.15) 
LEMMA 4. b?sn,n~mrl,n>l form an orthogonal basis both for V, and for 
Va*, with lcp,,,ll~ = A,,,,,, and I~,,,,lI& = 1/O,,,), m 2 1, n 2 1. 
Proof; It can be proved by the same argument as in [6], cf. Appendix. 
Q.E.D. 
By the property of A: B(A)( c H) --, H and the Phillips-Lumer theo- 
rem, we know that -A is the infinitesimal generator of a compact and 
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self-adjoint semigroup eeAf, 
epAru = E f e-Xm,n’(u, qm,n)Hqm,n, vu E H; t 2 0. (2.16) 
m=l n=l 
Moreover, we have the following result. 
LEMMA 5. -A?: LB(d) = V,( c Va* ) + V,* is the infinitesimal generu- 
tor of a compact and self-adjoint semigroup e-“‘( t 2 0) on Va*, given by 
e--“‘g = 2 Ii! e-xm~“‘g(cp,,.)cp,,., vg E va*, (2.17) 
m=l n=l 
where the series converges in V,*-norm, and e-“’ E .Y(V,*) for t 2 0, with 
Vt 2 0. (2.18) 
Proof. By [7], it follows that 
S(t)g = 2 f e-hm,n’ 
m=l n=l (g9 llz,;,)v~*l/~i~* 7 vg E vh*, 
(2.19) 
defines a Co-semigroup S(t) (t 2 0) E P( V,*), with its generator being 
-Jg= E 2 -A 
m=l n=l my n(g, Il::lYv: ) &* llvJIx?* (2-20) 
for 
Note that the duality of V,* and V, along with Lemma 4 implies that 
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since 
(Pm, “(cp,, P) = ef&z, n, cp,, P)dual = hl, n, 9, v)H 
i 
1, if (m, n) = (CL, y), = 
0, if (m, n) $: (p, v). 
Thus the right-hand side of (2.17) defines a Co-semigroup s(t) (t 2 0) on 
V,*, and its generator is given by 
-J& = E I? - kn,ng(cp,,.)cp,,“? 
m=l n=l 
By (2.21), (2.22), and 
v, = {u = c~,,c~~,,,u,,“cp,,.lc~=,c~~hlI~,,.I 1%1 “12 = ll4: < 47 
it follows that 
Since 
it follows that g= &. The remaining facts can be easily verified. Q.E.D. 
COROLLARY 1. e-&' (t r 0) is an extension semigroup on V,* of the 
Co-contraction semigroup eeAt (t 2 0) on H. 
COROLLARY 2. &’ is self-&joint operator with respect to V,* and it has 
compact resolvent &-I; Q(d) = d&l = &,mLl,n~l- 
COROLLARY 3. The semigroup e-&’ on VU* has the properties: 
(1) e-&’ E 9( V,*; V,) f~ S( V,*; H) for t > 0, and there are constants 
cl, c2 > 0, such that 
Ile-dtll qyb; V,) s cc, t>o 
Ile--d’ll qy*. H) _< cp2, t > 0. 0 * (2.24) 
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(2) eedt is strongly continuous from (0, + 00) to U(V,*; H) and 
LP( Va*; V), respectively. 
Here since these results in Corollary 3 are not closely related to our main 
purpose, the proof is omitted. 
Thus the original control system (1.5) can be expressed as 
d*w 
--$- +.@w) = Bf(t), t20 (2.25) 
w(o) = WI), &(O) = Wl, 
where LX? and B are detined by (2.10) and (2.8) respectively, and 
f,(t) 
f(t) = : i 1 7 fC) E J%(~+,~‘). f,(t) 
LEMMA 6. H = W&6, with (gl, g2j9(h = (@g,, @g,>,. 
Proof: From (2.22) it can be seen that 
(2.26) 
m=l n=l 
(2.27) 
where we note that { Gcpm, n = ‘p,, JIIq,,,, Jvd },, n >I is the basis for 
V,*. Thus (2.21) and (2.27) show that 9(&?4 = H in the sense of set 
equality. Moreover, for any g, and g, in H = 9(r@, we have 
Hence the conclusion holds. Q.E.D. 
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Therefore, set 2 = H X V,* = S@(&?) X VO*, and define operators 
with g(G) = V, x H = 9(.x?‘) x g(D), (2.29) 
and 
K= ; 
( 1 
E Y(R’; z). (2.30) 
Let u(t) = (1::‘) and q, = (:). Then the system (2.25) is reduced to 
evolutionary system 
du 
- = Gu(t) + Kf(t), 
dt 
t 2 0, 
u(0) = U()E 2. (2.31) 
LEMMA 7. The following facts hold: 
(1) G is skew-adjoin? and has compact resolvent G-’ : Z + Z. 
(2) u(G) = up(G) = {Us},,,,, nzlt wherej = J-1. 
(3) G generates a Co-unitary group T(t), t E R, on 2, given by 
T(t) = cos(J2t) 
-@sin(Gt) 
t E R. (2.32) 
Proof: The argument is the same as in [8, Lemma 31. Q.E.D. 
The state function we shall consider is the mild solution u(t) of (2.31) for 
all f(e) E L:,,(R +; R’). Controllability and stabilizability will be studied 
below. 
3. NONCONTROLLABILITY AND NONSTABILIZABILITY 
LEMMA 8. The mild solution of the evolutionary system (2.31) is approxi- 
mate& controllable if and only iffor anyp E a,(~?) = {Xn,m}mrl,n21: 
(3.1) 
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where M(p) is the multiplicity of the eigenvalue IL, and B,, is the matrix 
1 
(49 cpl’)“$ (Gfa”~ .** vb CPB) vn* 
B,,= ; 
: I 
, (3.2) 
(43 ‘p&(p,)v,* (47 &p,)va* ** - (49 &p,)&* 
in which 6, = 6(x - pi, y - qi), i = 1,. . . , I, and { cpf, . . . , ‘p&(,, } are M(p) 
eigenvectors corresponding to p, which forms a basis for the eigenspace 
N&O 
Proof; First we note that since S? admits compact resolvent, for any 
given p E o(d) = up(&), the corresponding M(p) is finite. Hence (3.2) is 
well defined. 
By the standard theory of infinite dimensional inear systems, the system 
(2.31) is approximately controllable if and only if 
nN[K*7”(t)l = {O}, (3.3) 
t>o 
where N( -) represents the null space. If any u = ( 1) E r‘l f ~ ,N[ K*P( t)], 
then 
K*T*( o( ;) 
= (0, B’)T(-t)( ;) 
= B*(&%n(&qw + cos(@r)u) 
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(by rearrangement of the indices and cokction of the terms corresponding 
to the same eigenvahte) 
0 
= ., 
ii 0 
(3.4) 
where 0 < p1 < /L* < * - * < /,L~ < * - - , wij = (w, @j), and Vii = V($$J), 
i=l 9--*, M(pj); j = 1,2,. . . . 
Since it is obvious that pj+i - pi 2 1 for all j 2 1, by the asymptotic 
gap lemma (cf. [8 or 9]), it follows that 
(wij,...,wM(,,j)B~j=o, i=1,2,-*-, (3.5) 
(Vii )...) vM(F,),)Bp, = 0, - j = 1,2 )... . (3.6) 
Therefore (3.3) holds if and only if the systems (3.5) and (3.6) admit the 
unique zero solution, i.e., 
wij=O and vij=O, i=l >-**, M(p,); j = 1,2,. . . . (3.7) 
This in turn amounts to (3.1) for ah p E eJ&). Thus the conclusion holds. 
Q.E.D. 
In order to determine whether or not condition (3.1) is satisfied, we need 
some results from the number theory, cf. [lo, 111. 
LEMMA 9. Let r(n) be the number of solution pairs (a, b) of the Diophan- 
tine equation 
a* + b* = n, a and b integers, (3.8) 
with (a, b) = (b, a) regarded as one pair. Then for integer n, 
idn) = d,(n) - 4(n), (3.9) 
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where d,(n) is the number of divisors of n which are = 1 (mod 4), and d,(n) 
is the number of those divisors of n which are = 3 (mod 4). 
Proof. Cf. Theorem 6.7.5 of [lo] and Theorem 28 in Chapter 3 of [ll]. 
Q.E.D. 
LEMMA 10. Let {pj}TC1 = a,(.&) with the order 0 < p1 < p, < -. . . 
Then 
limsupM(~j) = +ao, (3.10) 
j-'m 
where iU(pj) is the multiplicity of eigenvalue pj 
Proof. Denote by N(n) the number of solution pairs (a, 6) of Eq. (3.8) 
but a and b are positive integers, with (a, b) = (b, a) identically. By 
Lemma 9, for any hxed prime number p 2 2, it follows that 
N(pk) 2 (k + 1) - 1 = k, if p = 1 (mod4), k 2 Oiuteger, (3.11) 
where - 1 counts the possible case that fi” = integer so that (0, 6”) or 
( fik, 0) is a solution pair. 
Then choose arbitrarily a prime p = 1 (mod4) (e.g., p = 5 or p = 13). 
Since all the eigenvahtes pi of A? can be expressed in terms of 
pi = a4(m2 + n’)’ (m 2 1, n 2 1 integers), (3.12) 
we can claim that for, the chosen and tixed prime p = 1 (mod4), and 
integer k 2 1, N(pk) 2 k > 0, so that 
7r4p2k E u&B?), k = 1,2,... . (3.13) 
Therefore there exists a subsequence (pi, }r=t of { pj}& = q(d), with 
pi, = 7r4p2k, k = 1,2,..., (3.14) 
such that 
M(pjk) 2 2k - 1 r k + +oo, ask+ +ao, (3.15) 
where the factor 2 comes from the fact that ‘p,,, and q”‘.,,, are two 
orthogonal eigenvectors if n # m. Hence the conclusion (3.10) follows. 
Q.E.D. 
TI3EOREM 1. The mild solution u(t) of the evolutionary system (2.31) is 
not approximately controllable. 
Proof: Since the dimension I of controllers is finite and fixed, and on 
the other hand, Lemma 10 shows that there is a subsequence {pi,} of 
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a,(&) with 
kfimaM(pL) = + 00, + 
it follows that for sufficiently large k (positive integer), the matrix Bpjk will 
be such that 
rank BP,k I 1 < M(pj,). (3.16) 
Then by Lemma 8, the system (2.31) is not approximately controllable. 
Q.E.D. 
THEOREM 2. The euolutionuv system {G, K} given by (2.31) cun never 
be weakly (and also strongly) stabilizable by any bounded linear state 
feedback. 
Proof: By the Benchimol theorem (cf. [12]) and the fact that T(t) is a 
unitary group, the same argument as in [8] shows that {G, K } is weakly 
(and also strongly due to the compact resolvant property of G) stabilizable 
if and only if it is approximately controllable. Thus the conclusion follows 
directly from the result of Theorem 1. Q.E.D. 
4. GENERALIZATION TO FINITE-RANK CONTROL 
In this section, instead of (1.5), we consider the system 
02W 
at2 + A2w = i bib, y)&(t), inR+Xh, 
i=l 
w = 0 and a2w/8n2 = 0, onR+x r 
w(O, x, Y) = w&, Y), in fi, 
w,(O, x, Y) = W*(& Y), in h, (4-l) 
with bj(x, y) E L2(&!), i = 1,. . . ,I, and finite-rank control fi(t), . . . , f/(t), 
then the problem can be formulated as 
du 
- = c%(t) + if(t), 
dt 
t20 
u(0) =uoE Y, V-2) 
where Y = D(Q) x H, and G = (_9, ;): 9(A) x 9(a) -+ Y, and J? 
= 
0 
; E .kP(R’; Y), with 
ii = [b,(x, y),..., b,(x, Y)] E P(R’; ff). (4.3) 
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By the same argument and the relevant result from number theory, follow- 
ing fact holds. 
THEOREM 3. The evolutionary system (4.2) is not approximately control- 
lable and can never be weakly (also strongly) stabilizable by any bounded 
linear state feedback. 
Proof: From Lemma 3 and Lemma 10, u,(A) = up(&) so that (3.10) 
still holds for the yP( A). The same argument hen yields the conclusion, and 
the only modification is the replacement of ( Si, r+P) Vb by ( bi, @‘), in (3.2) 
and the subsequent proof. Q.E.D. 
5. CLASSIFICATION OF RECTANGULAR REGIONS 
For a l-dimensional parabolic or hyperbolic system with pointwise 
control or finite-rank control, one can achieve approximate controllability 
and some kind of stabilizability under the appropriate framework and the 
suitable rank conditions, which usually put restrictions on the locations of 
controller points in the pointwise control case. In the l-dimensional case, 
the multiplicities of eigenvalues of those typical differential operators admit 
usually a uniform upper bound which is finite. 
However, we have shown that even for a simple 2-dimensional problem 
of elastic vibration, pointwise or tinite-rank controllers may not provide 
controllability and stabilizability. In general, one can expect that the 
controllability and stabilizability of 2dimensional (and higher dimensional 
as well) pointwise or finite-rank control systems will be very sensitive to 
boundary conditions and regions. 
Below we consider the same system (1.5) on the general rectangular 
region SJ = [0, a] X [0, b]. A classification result will be presented in follow- 
ing Theorem 4, which shows that whether or not the reduced system (2.31) 
is controllable as well as stabilizable depends on the size parameters a and 
b of the region Sl. 
Note that here the formulation will be the same as above, except that the 
eigenvalues and the eigenfunctions become instead 
x =77 4 m,n em,n(x, y) = sin( F)sin( y). 
(5.1) 
Consider a quadratic Diophantine equation 
E(m, n) = am2 + bn2 = k. (5 -2) 
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Assume that the given positive integers a and b satisfy following condi- 
tions, 
(a, b) = 1, aand bnotbothl, aandb 
admit no factors which are squares of integers. (5.3) 
Let d = - 4ub. Denote by N(k) the number of integer solutions { m, n } of 
(X2), and by L(n) the number of proper ones in those solutions which 
satisfy (m, n) = 1. Let [. ] be the Legendre symbol in the number theory. 
LEMMA 11. If (5.3) is satisfied, then 
L(k) = 2 1 [%I, (5.4) 
plk 
and 
(5.5) 
Proof. By the Theorem 4.3 in Chapter 11 of [lo], here we have d < - 4, 
Eq. (5.2) admits exactly two positive proper solutions corresponding to any 
h satisfying 
h* = d (mod4k), 0 I h < 2k. (5.6) 
Then by the definition of Legendre’s ymbol (cf. Section 1 of Chapter 3 of 
[lo]), we obtain (5.4) and in turn (5.5). Q.E.D. 
LEMMA 12. L.et p be a jixed prime number such that 
p 2 5, p - 13 0 (mod4), (p, d) = 1. (5.7) 
Then it holds that (under the condition (5.3)) 
N( P”) + +a0 usk+ao. (5.8) 
Proof: First we note that by the well-known prime number theorem (cf. 
Theorem 4.1 in Chapter 5 of [lo]), the number of primes is intkrite, i.e., 
lim T(X) 
x+ca 
(number of primes s x) = 00. (5.9) 
Furthermore, by the more sophisticated result (p. 114 of [lo]), 
Number of {Primes = 8n + 5: n over all positive integers} = cc. (5.10) 
Hence we know that there exists a prime number which satisfies (5.7). 
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On the other hand, the Euler criterion (cf. p.79 of [ll]) gives us 
[d/p] = d(‘/2Mp-1) (mod p). (5.11) 
Now since ( pk, d) = 1, so that for any factor g2 of pk, (p”/g’, d) = 1. 
From (5.5) it follows that 
N(pk) = 2 c c [d/h] = 2 c [d/h] r 2k, (5.12) 
$5 h I ( p”/s)’ hlpk 
for k = positive integers. Taking into account that at most one solution 
with zero component m or n may occur, we obtain the conclusion (5.8). 
Q.E.D. 
At this point we can present the main theorem as follows. 
?bIEoRBM 4 (CIassifkation of rectangular egions). For the evolutionary 
system (2.31) reduced from the system (1.5) on the region 8 = [0, a] X [0, b], 
the following statements hold: 
(I) If a2/b2 is rational, then the system (2.31) is neither approximately 
controllable nor stabilizable (weakly and strongly) by any bounded linear 
feedback. 
(II) If a2/b2 is irrational, then the system (2.31) is approximately 
controllable and strongly stabilizable by the feedback 
f(t) = -B*+(t), t 2 0, (5.13) 
if and only if 
,gl I($ %,Jyb I# 09 Vm 2 1, n 2 1, (5.14) 
where ~~~~~~~~~~~~~ is given by (5.1). 
Proof. The proof of the part (I) is divided into two subparts. First we 
assume that a/b is rational, than there are two positive integers mO and no, 
such that a2/b2 = mi/n g. Thus the eigenvahtes X,,, of SS? given by (5.1) 
can be written as 
h.,~C~[(~~+(ti)], mll,nll. (5.15) 
Hence one can apply the similar argument as in the proof of Theorem 1 to 
obtain the conclusion, i.e., the noncontroIIabiIity and nonstabihzabihty in 
this case. 
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Next assume that a/b is irrational but a*/b* is rational In this case, the 
eigenvalues X m, n of d can be written as 
A m,n = c7r4(tim2 + lw), m 2 1, n 2 1, (5.16) 
where a”, 6, c are aII positive, Z and d are integers, such that {a”, i} satisfies 
the condition (5.3). Therefore, using Lemma 11 and Lemma 12, one can 
claim that there exists a subsequence {pjk }rz i of { /.tj}T-i = uP( SC?), with 
4 2k 
Pj, = cV7 P 9 k = 1,2,..., (5.17) 
where p is chosen to be a prime number satisfying the condition (5.7) such 
that the corresponding multiplicities of pjk will be 
M(Pjk) = N( P”) + + O” ask4 cc. (5.18) 
Then the same argument as in Theorem 1 leads to the conclusion of 
noncontroIIabiIity and nonstabilizability in this case. Thus the proof of the 
part (I) is completed. 
As for the part (II), if a*/b* is irrational, one can claim that M( X,, .) = 1 
for each A,,. E CT,(&). In fact, if there are two pairs {m, n} # { 63, A} of 
positive integers, such that 
then we have 
m2-fi2 a2 
=- 
-2 n - n* b* 
which leads to a contradiction. Thus M( X,, J = 1. Then the rank condi- 
tions shown in Lemma 8 amount to the condition (5.14). Besides, by the 
Benchimol theorem (cf. [12]), if the condition (5.14) is satisfied, then (5.13) 
will provide a strongly stabihzing feedback control. Q.E.D. 
As a sharper result in the case of the above part (II), following proposi- 
tion holds. 
THEOREM 5. If a*/b* is irrational, then with a single pointwise controller 
in (1.5); i.e., I = 1 and 
iJ2W 
ar2 + A*w = 6(x -P, Y - q)f(t), in R+X p2, 
w = 0 and a*w/an*=O, on W’X r, (5.19) 
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the reduced evolutionary system (2.31) is approximately controllable and 
strongly stabilizable if and only if the location point ( p, q) of the controller 
satisfies 
P 4 
- and - are both irrational. 
a b 
(5.20) 
Moreover, if the condition (5.20) is satisjed in this case, then 
f(t) = -(6(x -P, Y - 4)7 $7 x7 Y)&*, t 2 0, (5.21) 
will provide a strongly stabilizing feedback control. 
Proof: As a consequence of Theorem 4 (part II), now I= 1, the condi- 
tion (5.14) becomes 
(G - P, Y - 4)? %,n>v~* + 0, for ah m 2 1, n 2 1. (5.22) 
By (5.1) and the inner product formula for V,* (cf. (A.2) in the Appendix), 
(5.22) means 
= L,nll%, “IIH 
66 - P, . - 4k.J 
’ 
= L,nllem,nllH 
sin( y)sin( 7) # 0, 
Vm 2 1, n 2 1. (5.23) 
Therefore we see that (5.23) holds if and only if (5.20) is satisfied. If (5.20) 
is satisfied, then the strongly stabilizing feedback control (5.13) is exactly in 
the form of (5.21). Q.E.D. 
APPENDIX 
Proof of Lemma 4. One can obtain 
4(Ptn,“~ (Pk.,) = @%,.%I)H = hPl,n((Pm,n~(Pk,I)H 
x m,n* m=kandn=l = 
0, otherwise. 
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This shows that I/q+,,, Jz = X,, n and they are orthogonal to each other. If 
there is an element v E V, such that v I .{ ‘p,, n}m>l,n21, then it must be 
such that 
4%,“~ 4 = @Q&I,“, uhf = L,“oPm,n~ 0)” = 0, Vm 2 1, n r 1. 
But b3w,n~m~1,n21 forms a basis for H; it follows that v = 0 in H, so that 
v = 0 in v,. 
Next we show that { (~m,~}~~i,~~i also forms an orthogonal basis for 
vb*, and Ilcp,, AI& = 1/L, n- From the above we know that 
v,= v= xv 
i 
cp rn,” nz,n 2 L,dvm,,12 = Ilvlli < +m 9 
m,n m,n=l 1 
where the series is convergent in Vdnorm. For any given g E V*, 
llgll vu* = sup {IdwllaJ O(#O)E v, 
= sup (1 IT %I, .d%, .) l/l 2 L,.IL,.12 l/2 1 I* U(#O)E v, m, n=l m, n=l 
Comparison of the above formula with the norm formula for the dual space 
(f2)* yields that 
Ml vo* = E [h’m,.) 12/&,t])1’2, t/s E V*. (A.l) 
m,n=l 
The corresponding inner product for I$* will be 
(g,h)vb= fi +(s,..)h(lp,.,), Vg and h E V*. (A.2) 
m,n-1 m,n 
Now since V c H = H* c V*, we have naturally { (~m,.~},,,~i, n z1 c V*. 
By this natural embedding, we have 
cp,,“h,I) = h,nt ‘Pk,Jdual = hw %,JH 
( 
0, (m, n) # (k, I), = 
1, (m, n) = (k f). 
(A.9 
From (A.l), (A.2), and (A.3), it follows that 
II%, .I$* = + 
m.n 
(A-4) 
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and for (m, n) # (k, I), 
Moreover, for any g E I/*, we have 
which means the Fourier coeficients of g with respect to the sys- 
tem bn,nLrl,n~1 in VO* satisfy the Parseval equality, so that the system 
~~~~~~~~~~~~~ is complete. Therefore it has been proved that 
bbAnr1,nr1 forms an orthogonal basis for V,*. Q.E.D. 
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